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Quantum dots connected to larger systems containing a continuum of states like charge reservoirs
allow the theoretical study of many-body effects such as the Coulomb blockade and the Kondo
effect. Here, we analyze the nonequilibrium Kondo effect and transport phenomena in a quantum
dot coupled to pure monolayer graphene electrodes under external magnetic fields for finite on-site
Coulomb interaction. The system is described by the pseudogap Anderson Hamiltonian. We use
the equation of motion technique to determine the retarded Green’s function of the quantum dot.
An analytical formula for the Kondo temperature is derived for electron and hole doping of the
graphene leads. The Kondo temperature vanishes in the vicinity of the particle–hole symmetry
point and at the Dirac point. In the case of particle–hole asymmetry, the Kondo temperature has
a finite value even at the Dirac point. The influence of the on-site Coulomb interaction and the
magnetic field on the transport properties of the system shows a tendency similar to the previous
results obtained for quantum dots connected to metallic electrodes. Most remarkably, we find that
the Kondo resonance does not show up in the density of states and in the differential conductance
for zero chemical potential due to the linear energy dispersion of graphene. An analytical method
to calculate self-energies is also developed which can be useful in the study of graphene-based
systems. Our graphene-based quantum dot system provides a platform for potential applications of
nanoelectronics. Furthermore, we also propose an experimental setup for performing measurements
in order to verify our model.
I. INTRODUCTION
The discovery of graphene [1, 2] has opened new re-
search directions and led to novel graphene-based elec-
tronic devices [3–6], which employ its unusual physical
properties [7–9]. From theoretical considerations, such
an electronic device can be considered as a mesoscopic
system that can be realized by a molecular junction or a
single quantum dot (QD) or many QDs in a particular
arrangement coupled to charge reservoirs by metallic [10–
31], ferromagnetic [32–35] or graphene electrodes [36–40].
The choice of electrodes can have a significant effect on
the transport properties of the QD system.
In the present work, we study the nonequilibrium
Kondo effect and the transport properties in a QD cou-
pled to graphene-based leads by solving the pseudogap
Anderson model [36–45] with the equation of motion
(EOM) technique [46–48]. In our studies, a magnetic
field is applied to the QD causing a Kondo resonance
splitting, and a finite on-site Coulomb interaction (U)
is considered resulting in a shift of the main QD energy
level. Furthermore, an asymmetric bias voltage is applied
to the leads causing the system to be driven out of equi-
librium as it lies in the Kondo regime. Our QD system
allows the theoretical analysis of quantum many-body
effects such as the Coulomb blockade and the Kondo ef-
fect, and provides a platform for the implementation of
graphene-based nanoelectronic devices.
∗ Corresponding author: levente.mathe@itim-cj.ro
Graphene is a two-dimensional layer of graphite. Such
layers were isolated experimentally about a decade ago
[1, 2] and described theoretically about half a century
ago [49]. The carbon atoms in graphene are arranged in
a hexagonal (honeycomb) lattice. The hexagonal struc-
ture can be considered as a triangular Bravais lattice with
a basis of two atoms per unit cell [50]. Its reciprocal lat-
tice consists of six points at corners of the first Brillouin
zone, whereas only two of them are inequivalent. These
points are denoted by K and K’ and referred to as val-
leys. At these points the energy dispersion of quasipar-
ticles in graphene is linear in momentum. This linear
band structure is called a Dirac cone, and it is at the ba-
sis of many interesting physical phenomena such as the
‘chiral’ quantum Hall effect [51], the Klein tunneling ef-
fect [50] and the Aharonov–Bohm effect [52]. The points
where the conduction and valence bands touch each other
in momentum space are the Dirac points. The Dirac
points play an important role in the electronic proper-
ties of graphene because around these points low-energy
excitations can be achieved. Furthermore, the motion
of the charge carriers is described by a 2D Dirac-like
equation. Therefore, they are often called ‘relativistic’
massless fermions even if they move with a speed which
is about 300 times smaller than the speed of light. The
density of states (DOS) is proportional to the absolute
value of energy [53]. For all of the above, graphene pro-
vides many applications [54] due to its unique mechani-
cal, optical, electronic and thermal properties.
In QD systems, described by an Anderson Hamilto-
nian, the Kondo effect can be observed in an adequate
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2approximation, e.g., in the Lacroix approximation [47].
The Kondo effect is a result of the interaction between
a single magnetic impurity (e.g., a magnetic atom or
a localized spin) and the free electrons in a nonmag-
netic material (e.g., a continuum of states) [23, 24]. The
Kondo effect has been extensively studied theoretically
within the framework of the EOM method applying the
Anderson model to a single QD with metallic contacts
[12, 15, 16, 19, 31], which has been confirmed by ex-
perimental measurements [23, 24, 55]. This effect is
more complicated in a multi-QD system (like a T-shaped
double-QD system) with metallic leads due to the pres-
ence of multi-electron transport channels [21, 22], which
is also verified by electronic transport measurements [25].
The nonequilibrium Kondo effect in QDs affected by fi-
nite magnetic fields has been explored in the noncrossing
approximation (NCA) [12] and by slave-boson mean-field
theory (SBMFT) for finite [26] and infinite Coulomb in-
teraction [27], respectively. The NCA was also used to
study the nonequilibrium Kondo effect in QDs without
magnetic fields [13]. In addition, the transport properties
of QDs were studied within the framework of modified
perturbation theory [20, 28, 29]. Moreover, the DOS of
a single QD was calculated via EOM and NCA [12]. It
was found that in the nonequilibrium DOS the Kondo
peaks are located at the values of the chemical poten-
tials and are suppressed due to nonequilibrium dissipa-
tion processes. In the presence of a magnetic field, the
Zeeman energy shifts the Kondo peaks from the chemi-
cal potentials, to the right for spin-up electrons and to
the left for spin-down electrons. Thus, the Kondo peaks
originally located at the values of the chemical poten-
tials are split into two new peaks. It was found that the
differential conductance consists of an observable peak
when the asymmetric bias voltage equals the Zeeman
energy. In the case of finite Coulomb interaction, the
zero-temperature linear conductance is suppressed under
a magnetic field, and double-resonant peaks show up at
high magnetic fields [26] in good agreement with the ex-
perimental measurements [30]. The approximation pro-
posed by Meir et al. [11] was used to analyze the nonequi-
librium Kondo effect in QDs for arbitrary Coulomb in-
teraction [15, 16, 31] and infinite Coulomb interaction
[12, 46, 48].
The influence of magnetic adatoms on graphene has
been studied theoretically [56–62]. It was found that a
magnetic moment can be engineered by electrically con-
trolling the properties of a transition metal adatom on
graphene providing the possibility to develop graphene-
based spintronic devices [56]. Therefore, the physical
properties of a graphene monolayer with one of its carbon
atoms substituted with a magnetic impurity have been
explored via density functional calculations [63, 64].
In several studies, the Kondo effect in graphene is
treated within the framework of magnetic impurities with
massless Dirac fermions via a pseudogap Anderson model
[41–45, 65, 66]. Dell’Anna showed that in graphene, de-
pending on the position of the impurity, within the tight-
binding approximation, the number of Kondo couplings
can be reduced to one, producing a multichannel pseudo-
gap Kondo model [65]. The Kondo effect was investigated
using the tight-binding formalism for different positions
of a magnetic adatom on the graphene layer [66]. The ef-
fect of a magnetic adatom located above one carbon atom
of graphene was studied by a slave-boson calculation [41].
Zhu and Berakdar determined the DOS of a magnetic
adatom on graphene in the Kondo regime based on the
EOM technique in the Lacroix approximation [42]. They
found that the Kondo resonance appears only in a narrow
energy range for the impurity level with respect to the
chemical potential (µ), and the energy scale is propor-
tional to |µ|. The Kondo effect of an adatom on the sur-
face of graphene and its scanning tunneling microscopy
(STM) have been analyzed by Keldysh nonequilibrium
Green’s function theory by Li and co-workers [67]. They
found that the Kondo peak can be observed in a wide
parameter range from the Kondo regime to the mixed
valence regime or to the empty orbital regime, which is
in agreement with the literature [68–70]. In the latter
two regimes, the shape of the Kondo resonance is influ-
enced by the Fano resonance. However, the tunneling
between the STM tip and graphene does not obviously
affect the shape of the Kondo resonance in the vicinity
of zero bias. Yanagisawa investigated the Kondo effect
induced by the s–d interaction with Dirac electrons using
Green’s function theory [71]. He found that the Kondo
temperature is proportional to |µ| and vanishes at µ = 0.
The numerical renormalization group approach (NRG)
was used to analyze the pseudogap Kondo effect of a
magnetic impurity in the gapless Kondo [68, 70] and An-
derson models [69, 70]. It was found that the Kondo
resonance is not observed when the Fermi energy is near
the Dirac points. The Kondo effect induced by a point
defect or a magnetic impurity in graphene has been ex-
tensively studied for finite on-site Coulomb interaction
within the NRG framework [72, 73]. May et al. studied
the Kondo effect for a carbon vacancy in a monolayer
of graphene via an effective two-orbital single impurity
model using the NRG approach [74]. Vojta et al. ap-
plied the pseudogap Kondo and Anderson models using
a combination of analytical and numerical renormaliza-
tion group approaches to study the Kondo screening of
magnetic impurities in graphene [75]. They found an
asymmetric behavior of the Kondo temperature depend-
ing on the sign of the chemical potential in the limit
of U → ∞. Experimental measurements of the Kondo
effect produced by lattice vacancies in graphene layers
reveal high values of the Kondo temperature enabling
many future applications [76, 77].
A plethora of experimental measurements have focused
on the electronic transport through graphene QDs [78–
81], bilayer graphene QDs [82, 83], graphene QDs in the
multilevel regime [84–86], graphene double QDs [87, 88]
and graphene triple QDs [89] in the Coulomb blockade
regime. The literature concerning transport phenomena
in graphene-based QDs described by the pseudogap An-
3derson model is limited. There are a few theoretical
reports based on NCA calculations, which describe the
thermoelectric characteristics of a strongly interacting
QD connected to electrodes of massless Dirac fermions
in the zero-bias voltage limit [36, 37]. The zero-bias con-
ductance plots reveal an impurity quantum phase transi-
tion between the Kondo and local moment regimes. Fur-
thermore, the thermopower changes its sign when the
temperature approaches the Kondo temperature. In a
recent study, the thermoelectric properties of a nonin-
teracting QD coupled to massless Dirac fermions have
been analyzed using the EOM technique [38]. At low
temperature, by tuning the voltage of the metallic gate
electrode, this QD system reaches large values of ther-
mopower and figure of merit. Moreover, the thermo-
electric properties of a single QD connected to graphene
electrodes have been studied within the framework of the
Hartree–Fock approximation using the EOM technique,
focusing on the Coulomb blockade regime [39]. It was es-
tablished that the Wiedemann–Franz law is not fulfilled
for the graphene contacts. In addition, the thermoelec-
tric transport properties of a noninteracting QD coupled
to pure and gapped graphene electrodes have been ana-
lyzed based on the Hartree–Fock approximation by the
EOM technique [40]. A significant enhancement of the
figure of merit was reported for the gapped graphene elec-
trodes within the massless gap scenario. The systems
present a high heat-to-electricity conversion efficiency at
low temperature, for which the phonon contribution can
be neglected [38, 39].
The analytical approaches to Kondo physics of mag-
netic impurities in graphene mostly explore the U → ∞
limit. Here, we study the Kondo-type transport prop-
erties of a QD connected to graphene leads considering
the influence of temperature, magnetic fields and ap-
plied bias voltage. An analytical Green’s function is de-
rived using the EOM method. We obtain an estimative
formula for the Kondo temperature showing similar be-
havior to previous works. The corresponding DOS and
differential conductance are also examined. The paper
is organized as follows. First, we introduce the model
and determine the Green’s function of the QD using the
EOM method. Then, we derive formulas for the differen-
tial conductance and for the Kondo temperature. Sub-
sequently, we present the results obtained for the DOS
and the differential conductance in the absence and the
presence of magnetic fields in the Kondo regime. Finally,
we summarize the main results of our work.
II. MODEL AND ANALYTICAL RESULTS
A. Theoretical model
We consider a QD coupled to pure monolayer graphene
electrodes at its left (L) and right (R) sides as shown in
Figure 1. The system can be described by the pseudogap
FIG. 1. (a) Schematic picture of a QD coupled to pure mono-
layer graphene electrodes at its left (L) and right (R) sides
with different chemical potential (µL and µR). Γα(ω) rep-
resents the coupling strength between the QD and the α
graphene electrode. The spin-independent QD energy level εd
can be modulated by the gate voltage Vg at the gate electrode.
(b) Schematic representation of the energy level diagram of
the QD. The energy levels are shifted by the Coulomb energy
(U). The applied magnetic field (B) leads to a splitting of
the discrete energy levels.
Anderson Hamiltonian [36–45]:
H = HG +HD +HV . (1)
The first term in Equation (1), HG, represents the
graphene contact Hamiltonian, which describes the mass-
less Dirac fermions in the left (L) and right (R) graphene
leads and can be expressed as:
HG =
∑
α,s,σ
∫ +kc
−kc
dk εk c
†
αskσcαskσ, (2)
where c†αskσ and cαskσ denote the creation and annihila-
tion operators of the Dirac fermions with wave vector k
and spin σ. Here, α identifies the channel in the left (L)
and right (R) graphene leads, and s denotes the valley
index. εk = ~vF k is the linear energy dispersion of the
Dirac fermions in graphene with vF ≈ 106m/s being the
graphene Fermi velocity. All electrodes are at same tem-
perature T . Thus, the momentum distributions of the
Dirac fermions inside the graphene electrodes are given
by the Fermi–Dirac function
fα(εk) ≡ f(εk − µα) = 1/
[
e(εk−µα)/kBT + 1
]
,
where µα is the chemical potential of lead α, which is
assumed to be temperature-independent (in the following
kB = 1). For every k there is a momentum cutoff (kc)
that defines the validity of the linear dispersion and the
energy cutoff D = ~vF kc.
4The second term in Equation (1), HD, models the in-
teracting QD and reads:
HD =
∑
σ
εdσd
†
σdσ + Un↑n↓, (3)
where εdσ is the discrete spin-dependent energy of the
QD, and d†σ and dσ represent the fermionic creation and
annihilation operators of the localized electrons in the
QD. We assume that an external magnetic field B is ap-
plied to the QD resulting in a splitting of the discrete
energy level εdσ = εd + σ∆εd/2 where σ = +1 and
σ¯ = −1 correspond to spin up and down. The QD en-
ergy level εd can be tuned by the gate voltage Vg. There-
fore, ∆εd = |g|µBB represents the Zeeman energy of the
QD with µB and g being the Bohr magneton and the
Lande´ factor. The second term in Equation (3) describes
the repulsive interaction between the electrons of the QD
where U and nσ = d
†
σdσ represent the Coulomb repulsion
energy and the occupation number operator of the local-
ized electrons with spin σ. In the absence of a magnetic
field, the Coulomb energy U leads to a shift of the main
energy level εd resulting in two discrete energy levels εd
and εd + U . The first level εd corresponds to the singlet
state with energy εd, and the second is the doublet state
with energy 2εd + U . We consider the situation when
εd is well below the values of the chemical potential in
the leads (µα), while εd +U is situated well above. This
setting of energy levels ensures that the graphene-based
QD system lies in the Kondo regime.
The last term in Equation (1), HV , is the Hamiltonian
describing the tunneling between the graphene leads and
the QD, which is given by:
HV =
∑
α,s,σ
∫ +kc
−kc
dk
[
Vαsσ(k)c
†
αskσdσ +H.c.
]
, (4)
where Vαsσ(k) represents the tunneling amplitude, which
is related to the coupling strength of the graphene con-
tacts to the QD (see subsection II C). Here, we consider
that the graphene monolayer electrodes are arranged in
an armchair configuration (see Figure 1). The distance
in real space between the QD and sites of graphene sub-
lattices A and B are approximately the same. In the
energy dispersion for armchair edges there is a superpo-
sition of the K and K’ valleys. Therefore, the tunneling
amplitude may be considered valley independent. We
also assume that the QD is symmetrically coupled to the
leads, while the tunneling amplitude is spin independent.
Thus, Vαsσ(k) = V (k) = V˜
√|k|, where V˜ = V0√Ω0pi/2pi
with V0 is the tunneling strength and Ω0 is the area of
the graphene unit cell.
B. Green’s function
In order to study the transport properties of the sys-
tem, the retarded Green’s function of the QD needs to
be determined. We employ the EOM technique to com-
pute it by applying the broadly used Lacroix decoupling
scheme [47] within the framework of the Meir approxima-
tion [11]. The computational procedure is presented in
Supporting Information File 1, Appendix A. We obtain
following Green’s function of the QD:
Grdσ(ω) =
1− 〈nσ¯〉
ω − εdσ − Σr0(ω) + U Σ3σ(ω)+Σ4σ(ω)ω−εdσ−U−Σr0(ω)−Σ1σ(ω)−Σ2σ(ω)
+
〈nσ¯〉
ω − εdσ − Σr0(ω)− U − U Σ1σ(ω)+Σ2σ(ω)−Σ3σ(ω)−Σ4σ(ω)ω−εdσ−Σr0(ω)−Σ1σ(ω)−Σ2σ(ω)
,
(5)
where we define the Σr0(ω) noninteracting tunneling self-
energy as:
Σr0(ω) =
∑
α,s
∫ +kc
−kc
dk
V (k)2
ω+ − εk
= −2η
(
ω ln
∣∣∣∣D2 − ω2ω2
∣∣∣∣+ ipi|ω|θ(D − |ω|)),
(6)
and introduce a dimensionless coupling parameter be-
tween the localized electrons and Dirac fermions as η =
2(V˜ /~vF )
2
. The remaining self-energies are given by the
relations:
Σiσ(ω) =
∑
α,s
∫ +kc
−kc
dk
V (k)2
Ω
(i)
kσ(ω)
= −2η
(
ωiσ ln
∣∣∣∣D2 − ω2iσω2iσ
∣∣∣∣+ ipi|ωiσ|θ(D − |ωiσ|)),
i = 1, 2,
(7)
with shorthand notations: Ω
(1)
kσ (ω) ≡ ω+−εk+(εdσ¯−εdσ),
Ω
(2)
kσ (ω) ≡ ω+ + εk − (εdσ¯ + εdσ) − U , ω1σ = ω − σ∆εd
and ω2σ = ω − 2εd − U . Therefore, we have:
Σ3σ(ω) =
∑
α,s
∫ +kc
−kc
dk
V (k)2
Ω
(1)
kσ (ω)
fα(εk) =
∑
α
Σ
α(γ)
3σ (ω),
(8)
5Σ4σ(ω) =
∑
α,s
∫ +kc
−kc
dk
V (k)2
Ω
(2)
kσ (ω)
fα(εk) =
∑
α
Σ
α(γ)
4σ (ω).
(9)
Note that an integral similar to the expression defined by
Equation (8) with ∆εd = 0 appearing in Σ3σ(ω) has been
analytically evaluated before [42]. We show a simple ana-
lytical method for determining the self-energies Σ
α(γ)
3σ (ω)
and Σ
α(γ)
4σ (ω) for finite temperature in Supporting Infor-
mation File 1, Appendix B. In Appendix C, we compare
our analytical results to those of [42]. The introduction
of the index γ in above equations is necessary, because
the self-energies Σ
α(γ)
3σ (ω) and Σ
α(γ)
4σ (ω) have different an-
alytical solutions depending on the sign of the chemical
potential. (Here, γ = −, 0 and + correspond to the cases:
−D < µα . 0, µα = 0 and 0 . µα < D, see Supporting
Information File 1, Appendix A).
The DOS of localized electrons with spin σ is given by:
ρdσ(ω) = − 1
pi
ImGrdσ(ω). (10)
The occupation number of electrons in the QD has to
be calculated self-consistently by applying the spectral
theorem. At low temperature and equilibrium, the occu-
pation number is given by:
〈nσ〉 =
∫ D
−D
dωf(ω)ρdσ(ω) ≈
∫ µ
−D
dωρdσ(ω), (11)
where f(ω) is the equilibrium Fermi function with µα =
µ. At low temperature and out-of-equilibrium, the occu-
pation number can be expressed as:
〈nσ〉 = 1
2
∫ D
−D
dω[fL(ω) + fR(ω)]ρdσ(ω)
≈ 1
2
[ ∫ µL
−D
dωρdσ(ω) +
∫ µR
−D
dωρdσ(ω)
]
.
(12)
C. Current formulas
In order to avoid all possible consequences caused by
the symmetry of the system, we chose an asymmetric bias
voltage determined by the chemical potentials as eV =
µL − µR. The asymmetric bias voltage is also preferred
experimentally. The spin-dependent current through the
QD is given by [10–14]:
Iσ =
e
~
∫ +D
−D
dω
ΓL(ω)ΓR(ω)
ΓL(ω) + ΓR(ω)
[
fL(ω)− fR(ω)
]
ρdσ(ω),
(13)
where e is the elementary charge and Γα(ω) =
2piη|ω|θ(D − |ω|) is the coupling strength between the
QD and the graphene electrodes. Writing Equation (6)
in the form Σr0(ω) =
∑
α[Λα(ω) − i2Γα(ω)] [14], the
coupling strength Γα(ω) can be straightforwardly deter-
mined. The coupling strength can be written in the
more conventional form used in the literature, that is
Γα(ω) = 2piηρgr(ω) with ρgr(ω) = |ω|θ(D − |ω|) being
the DOS of the graphene leads [67]. Therefore, for a sys-
tem consisting of a magnetic adatom in graphene, Γα(ω)
does not depend on the bias voltage, which agrees with
[42, 67]. The total current is calculated as I =
∑
σ Iσ.
The differential conductance is expressed as:
dIσ
dV
=
2e2
h
pi2η
∫ D
−D
dω|ω|θ(D − |ω|)
×
{[
fL(ω)− fR(ω)
]∂ρdσ(ω)
∂(eV )
− ρdσ(ω)∂fL(ω)
∂ω
}
.
(14)
D. Kondo temperature
The Kondo temperature TK defines the energy scale
of the system and will be calculated by the method
presented in [22, 48, 90]. The approximations used in
our calculations (see Supporting Information File 1, Ap-
pendix A) are quantitatively valid above TK . In the
regime T ≤ TK , the results obtained for relevant quanti-
ties such as the Kondo temperature, or the shape of the
Kondo resonances are only qualitatively valid [11, 34].
We also note that the EOM method underestimates the
Kondo temperature TK and predicts the absence of the
Kondo effect at the particle–hole symmetry point even
with metallic leads [16]. But doing so allows us to in-
vestigate the nature of these quantities and to under-
stand the phenomena which take place in such systems
[12, 13]. Thus, below we will estimate an expression for
TK as a function of the sign of µ for arbitrary values
of U . First, we investigate the behavior of the Green’s
function given by Equation (5) for large values of the
Coulomb interaction. The denominator of the second
part of the Green’s function diverges to infinite when
U →∞ causing the second term to vanish. In this limit,
the denominator of the first term of the Green’s func-
tion converges to a finite value. Thus the first term re-
produces the Green’s function in the U → ∞ limit and
determines the Kondo temperature. Mathematically, the
Kondo temperature is the temperature at which the real
part of the denominator of the Green’s function of the
QD vanishes. The denominator of the first part of the
Green’s function in equilibrium and in the absence of
magnetic fields is denoted by N(ω, T ). The solution of
the equation ReN(ω = 0, T = TK) = 0 gives the Kondo
temperature. In the following, we will work in the low
temperature limit and assume that |µ| is small (|µ|  D)
in order to eliminate all band effects related to the defi-
nition of the energy cutoff [56]. Thus, we can write the
equation:
ReΣ
(γ)
3σ + ReΣ
(γ)
4σ = −
(
c1 +
c22
c1
)
×
(
ImΣ
(γ)
3σ + ImΣ
(γ)
4σ
c−12 c
2
1 + c2
+
εd + ReΣ
r
0
U
)
,
(15)
6with{
c1 = εd + U + ReΣ
r
0 + ReΣ1σ + ReΣ2σ
c2 = ImΣ
r
0 + ImΣ1σ + ImΣ2σ,
(16)
where Σiσ ≡ Σiσ(ω = 0, T = TK) with i = 0, 1, 2, 3, 4.
In order to get analytical results, we have to restrict the
calculations to the limit of 2TK < 2εd + U − µ < 2D
that exludes the existence of the particle–hole symmetry
point. In the following, by taking into account that the
chemical potential in graphene leads µ can be tuned by
various doping techniques, we discuss two different cases
concerning TK : (i) µ > 0 that corresponds to electron
doping and (ii) µ < 0 that corresponds to hole doping.
For µ > 0, we obtain from Equation (15) and Equation
(16):
T
(+)
K ≈
|2εd + U − µ|3
2e2
∣∣∣∣D2 − (2εd + U)2(2εd + U)2
∣∣∣∣
2εd
U
×
∣∣∣∣D + 2εd + U(2εd + U)2
∣∣∣∣2 exp{1η εd(εd + U)U(2εd + U)
}
,
(17)
and for µ < 0 we find:
T
(−)
K ≈
|2εd + U − µ|3
2e2|D + 2εd + U |2
∣∣∣∣D2 − (2εd + U)2(2εd + U)2
∣∣∣∣−
2εd
U
× exp
{
− 1
η
εd(εd + U)
U(2εd + U)
}
,
(18)
where we used the properties of the Lambert W function,
and e denotes now the Euler’s constant.
To the best of our knowledge, so far, no analytical for-
mula has been derived for the Kondo temperature of the
system considered here. In order to verify the correctness
of Equation (17) and Equation (18), we compare them to
the relation used in another study of a QD with metallic
contacts, which is based on the EOM method [16]:
TK = (2ε0 + U) exp
{
2piε0(ε0 + U)
ΓU
}
, (19)
where ε0 = εd − µ. We observe that TK only depends
on U and is independent of D for metallic contacts. For
graphene contacts, T
(γ)
K is regulated by U and also by D.
The presence of D in T
(γ)
K is due to the fact that it deter-
mines the band structure of graphene. Therefore, at the
particle–hole symmetry point (2εd + U = 0), for µ 6= 0,
TK does not vanish for metallic leads within the Lacroix
approximation. In our case, we do not exactly reach the
particle–hole symmetry point due to the conditions out-
lined above, but we can estimate T
(γ)
K in the vicinity of
particle–hole symmetry. If we consider that 2εd +U ≡ α
where |α|  D, then for µ ≡ µ(+) > 0 we have:
T
(+)
K ≈
|α− µ(+)|3
2e2α2
exp
{
α2 − U2
4ηαU
}
(20)
and for µ ≡ µ(−) < 0 we find:
T
(−)
K ≈
|α− µ(−)|3
2e2α2
exp
{
− α
2 − U2
4ηαU
}
. (21)
We can see that T
(γ)
K does not vanish in vicinity of the
particle–hole symmetric point, in agreement with what
was obtained for metallic electrodes. It follows that TK
vanishes only for µ = 0 in the case of metallic leads. In
our case, if we assume that µ(+) → 0+ and α → 0+
as well as U > |2εd|, then from Equation (20) we have
T
(+)
K ≈ 0. In the same way, assuming that µ(−) → 0−
and α → 0− with U < |2εd|, then from Equation (21)
we derive that T
(−)
K ≈ 0. It was shown that the Kondo
temperature vanishes at the Dirac points [36, 68, 71, 75].
The NRG results of a pseudogap Anderson model show
no Kondo screening in the case of particle–hole symmetry
when µ = 0 due to the vanishing DOS at the Dirac point.
In the case of particle–hole asymmetry, (with U → ∞)
Kondo screening occurs when the QD–lead coupling con-
stant is larger than a critical value [70]. Furthermore,
employing NRG calculations Kanao et al. established
that the Kondo temperature does not vanish at µ = 0
due to the particle–hole asymmetry, while it is symmet-
ric in µ in the vicinity of the Dirac point [72]. In another
work, NRG calculations predict a non-zero but asymmet-
rical behavior for TK in particle–hole asymmetry [73]. In
the U → ∞ limit, by using a combination of analytical
and numerical renormalization-group techniques, Vojta
et al. found two completely different behaviors for TK as
a function of the sign of µ [75]. For µ > 0, the Kondo
temperature fulfills the law TK ∝ |µ|x with a universal
exponent x ≈ 2.6. For µ < 0, they found that TK ∝ κ|µ|
where κ is a universal prefactor. An extreme asymmetry
between cases is observed when the graphene is differ-
ently doped. Moreover, Yanagisawa deduced a formula
for the Kondo temperature using the Green’s function
theory [71]. Here, for small values of |µ|, the Kondo
temperature is independent of the sign of the chemical
potential, namely TK ∝ |µ|. In the U → ∞ limit, an
asymmetrical behavior of TK was reported in case the
chemical potential is situated below or above the Dirac
points of graphene with a magnetic adatom [67].
In conclusion, the vanishing of T
(γ)
K at the Dirac point
in the vicinity of the particle–hole symmetry point is
most likely a consequence of the EOM method. On the
other hand, in the case of particle–hole asymmetry, the
Kondo temperature TK does not vanish even at µ = 0,
which is in accordance with NRG calculations for finite
U [72, 73]. The correct dependence of TK on µ is still
not clear even for U → ∞. Future studies will be nec-
essary to further understand the behavior of TK , also
for finite U . The precise determination of TK demands
self-consistent calculations instead of working within the
Meir approximation to derive average values of the mix-
ing operators 〈d†σ¯cαskσ¯〉 and 〈c†α′s′k′σ¯cαskσ¯〉 which appear
in the retarded Green’s function (see Supporting Infor-
mation File 1, Appendix A). The Green’s function has to
7be calculated taking into account new higher-order cor-
relation functions resulting from a more accurate decou-
pling scheme [16]. This decoupling scheme yields a TK
that does not vanish at the particle–hole symmetry point
within the EOM method of QDs with metallic electrodes.
III. RESULTS AND DISCUSSION
In this section, we present our numerical results on the
graphene-based QD system. In order to simplify the nu-
merical calculations, we measure all quantities in units
of the energy cutoff D. We assume D ≈ 7 eV, which is
an acceptable value for graphene samples [40, 56–58]. We
consider a lateral QD formed by lithographically-realized
metallic gate electrodes placed near the QD, similar to a
QD created in a semiconductor heterostructure consist-
ing of a two dimensional electron gas. The energy of the
confined electrons can be changed using a gate electrode
[30]. The Coulomb repulsion energy in the QD is as-
sumed to be U ≈ 480 meV, i.e., U/D = 0.069, an accept-
able value for magnetic impurities in graphene [56–58].
To estimate the value of the dimensionless coupling pa-
rameter η, we assume a tunneling strength of V0 ≈ 1 eV
[42, 58], and consider that the area of the graphene unit
cell is Ω0 ≈ 0.051 nm2 [50]. We thus find η ≈ 0.0186,
and in the following, we use the rounded value 0.0186.
Importantly, the coupling strength η is the main param-
eter of the graphene-based QD system determining the
transport regime. Namely, when η gradually decreases, a
transition from the Kondo regime to the Coulomb block-
ade regime of the transport through the QD occurs [91].
This tendency has been previously explored for a QD
attached to metallic electrodes [15, 17, 18]. First, we
present our results for infinite U because they allows us
to understand the phenomena which take place in the
system. Then, we generalize these results for finite U .
In Figure 2, we present the self-consistent calculations
of the total DOS of the QD [sum of the spin-dependent
densities of states ρd(ω) = ρd↑(ω) + ρd↓(ω)] for different
values of the chemical potentials and at zero magnetic
field. At equilibrium (µL − µR = eV = 0), we observe
the Kondo peak in the DOS at the equilibrium chemical
potential µL = µR = µ that corresponds to a resonant
transmission through the QD [12]. Applying a bias volt-
age between the left and right electrodes (at nonequi-
librium, eV 6= 0) results in the splitting of the Kondo
peak into two peaks of smaller amplitudes, which are lo-
cated at the chemical potential of the left (µL) and the
right (µR) electrodes. Thus, the distance between the
nonequilibrium Kondo resonances is equal to the differ-
ence of the values of the chemical potentials, ∆µ = eV .
The suppression of the peak amplitudes is caused by the
dissipative transitions of electrons between the electrode
of high chemical potential and the electrode of low chem-
ical potential. This electron transfer determines a finite
relaxation time τσ, that can be calculated using second-
order perturbation theory [12, 13]. It can be intuitively
FIG. 2. The DOS in the QD for different values of the chemi-
cal potentials at temperature T/D = 5×10−6 with U/D →∞
and in absence of a magnetic field. Additional parameters:
η = 0.02 and εd/D = −0.011.
introduced by substituting δ in the self-energies Σiσ(ω)
with ~/τσ¯ [31, 34]. By considering a small value for τσ¯
e.g., ~/τσ¯ = δ ≈ 10−7 [31], the analytical results for the
self-energies Σiσ(ω) are in good agreement with the nu-
merical calculations (see Supporting Information File 1,
Appendix C for a particular case).
The numerical results for the nonequilibrium DOS in
the QD calculated for zero magnetic field, three differ-
ent temperatures and different values of the additional
parameters are shown in Figure 3. At low tempera-
ture, the Kondo resonances appear at the values of the
chemical potentials (ω ≈ µL and ω ≈ µR), and their
amplitudes decrease with increasing temperature, com-
pletely vanishing at high temperature. These findings
are in agreement with what was observed for a QD with
metallic electrodes [12, 13]. At temperatures close to the
Kondo temperature or lower, the shapes of the Kondo
peaks are not quantitatively valid due to the approxima-
tions used here. In order to quantitatively describe the
shape of the resonances one should use an approxima-
tion based on self-consistent calculations [47]. Besides
the strongly temperature-dependent sharp Kondo peaks,
the DOS consists of a broadened peak with large ampli-
tude, the peak of which is located at ω ≈ εd+ReΣr0(ω)+
ReΣ3(ω) where ReΣ3(ω) = ReΣ3↑(ω) = ReΣ3↓(ω). This
broadened peak corresponds to a resonant transmission
through the QD at ω ≈ ε˜d, for which the renormalized
QD energy level ε˜d is calculated self-consistently from the
relation ε˜d = εd + ReΣ
r
0(ε˜d) + ReΣ3(ε˜d) [34].
We now investigate the effect of an external mag-
netic field acting only on the QD without affecting the
graphene leads. Neglecting the effect of the magnetic
field on the electrodes is a broadly used approximation
for QDs connected to metallic leads [12, 26, 92]. We can
apply this approximation because the graphene leads are
well separated. In addition, we consider a magnetic field
that is well focused on the QD. Taking into account the
modification of the current through the QD as a result
8FIG. 3. The nonequilibrium DOS in the QD at zero magnetic field for different temperatures with U/D →∞ and different values
of the parameters: (a) µL/D = 0.028, µR/D = 0.030, η = 0.02 and εd/D = −0.011. (b) µL/D = −0.024, µR/D = −0.022,
η = 0.015 and εd/D = −0.068.
FIG. 4. The nonequilibrium DOS in the QD for different values of the Zeeman energy with U/D → ∞ at temperature
T/D = 5 × 10−6 and for different parameters: (a) µL/D = 0.028, µR/D = 0.030, η = 0.02 and εd/D = −0.011. (b)
µL/D = −0.024, µR/D = −0.022, η = 0.015 and εd/D = −0.068.
of the magnetic field applied to the leads, is beyond the
scope of this work. We estimate the Zeeman splitting
according to the experimental data. The Lande´ factor
of the QD is assumed g = −0.44. For QDs formed
in GaAs, this value is close to the g factor of a two-
dimensional electron gas [55, 93, 94]. The Bohr magneton
is µB = 58µeV/T [55]. For the applied magnetic field we
choose values close to B ≈ 5 T, which is preferable for ex-
perimental measurements [55, 93, 94]. Thus, the Zeeman
splitting becomes ∆εd ≈ 125µeV, which corresponds to
∆εd/D ≈ 17 × 10−6. The values of the chemical poten-
tials remain unchanged. By applying a magnetic field
(Figure 4 a,b, out-of-equilibrium), the Kondo peak splits
into two peaks of smaller amplitudes, which are shifted
by the Zeeman energy from the chemical potential, to
the right for spin-up electrons and to the left for spin-
down electrons. These results are in agreement with the
results of Meir et al. concerning a QD with metallic elec-
trodes influenced by a magnetic field [12]. The location
of the damped peak of electrons with spin σ is given by
ω ≈ εdσ+ReΣr0(ω)+ReΣ3σ(ω). It is shifted from the non-
magnetic position (see Figure 3) to the right by ∆εd/2
for spin-up electrons and to left for spin-down electrons.
The broadened peak corresponds to resonant tunneling of
electrons with spin σ at the spin-dependent renormalized
QD energy level ε˜dσ = εdσ+ReΣ
r
0(ε˜dσ)+ReΣ3σ(ε˜dσ). We
observe that, in all cases, the DOS totally disappears at
ω = 0. In addition, for µα = 0 the Kondo peak does
not show up in the DOS. This behavior of the DOS is
agreement with the results of Li et al. [67] for an adatom
on the surface of graphene with U →∞, and is a conse-
quence of the zero DOS of graphene at the Dirac points.
In Figure 5, we present the results obtained for
the total differential conductance of the QD [sum of
the spin-dependent differential conductance dI/dV =∑
σ dIσ/dV ] as a function of the bias voltage (eV =
9FIG. 5. Differential conductance dI/dV as a function of the
bias voltage eV with µR/D = −0.022 at three different tem-
peratures in absence of a magnetic field. The remaining pa-
rameters are the same as those in Figure 3b.
µL − µR) at three different temperatures and zero mag-
netic field. The zero-bias peak is observed when the dif-
ference in chemical potentials is equal to the Zeeman en-
ergy, eV = ∆µ = ∆εd = 0. The zero-bias peak in the
differential conductance corresponds to a resonant trans-
mission through the QD and is strongly temperature-
dependent. At low temperature, its shape is narrow and
sharp, but with increasing temperature the amplitude de-
creases, and the peak becomes broadened. We also ob-
serve that the shape of the Kondo peak strongly depends
on the bias voltage. Its amplitude reaches a maximum at
eV = 0 and quickly drops when eV increases. The vari-
ation of the differential conductance near eV = 0 can be
described by a second-degree polynomial function. The
dependence of the differential conductance on the bias
voltage is in agreement with the theoretical results of
S´wirkowicz et al., who considered a QD connected to
metallic electrodes [31]. The zero-bias peak of the differ-
ential conductance was observed experimentally for mag-
netic impurities induced by vacancies on graphite surface
[77].
In Figure 6, we plot the differential conductance as a
function of the bias voltage for different values of the
chemical potential of the right lead, µR, at temperature
T/D = 5×10−6 and in absence of a magnetic field. Once
µR meets the Dirac points, the zero-bias peak vanishes
since the DOS is zero at the Dirac points. When µR is
situated below or above the Dirac points, the zero-bias
peak appears in the differential conductance, revealing
the existence of the Kondo effect. When µR is situated
below the Dirac points, the zero-bias peak is higher for
larger values of |µR|. In case µR is above the Dirac points,
the zero-bias peak is much smaller than for negative val-
ues of µR. The difference in height of the zero-bias peaks
as a function of µR results from the particle–hole asym-
metry of the graphene electrodes. The behavior of the
Kondo peak is in agreement with other theoretical results
obtained for magnetic impurities in graphene [67, 75].
FIG. 6. Differential conductance dI/dV as a function of the
bias voltage eV for different values of the chemical potential
µR at temperature T/D = 5× 10−6 in the absence of a mag-
netic field. The remaining parameters are the same as those
in Figure 5.
Figure 7 shows the zero-bias peak as a function of the
chemical potential µR for eV = 0 at three different tem-
perature values. The figure can be interpreted in the
following way. We vertically intersect the graphic at a
given point of µR, e.g., at µR/D = −0.022, and follow
the evaluation of the amplitude of the zero-bias peak.
Obviously, from the top of the graphic to the bottom, we
cross the first curve corresponding to the temperature
T/D = 5 × 10−6, then the second one that corresponds
to T/D = 5 × 10−5, and finally reach the third curve
corresponding to T/D = 5×10−4. The value of the zero-
bias peak amplitude at the crossing points decreases with
increasing temperature for a narrow range of the chem-
ical potential, when the system is in the Kondo regime,
in agreement with the results of Figure 5. The ampli-
tude of the zero-bias peak strongly depends on µR. At
µR = 0 the zero-bias peak totally vanishes and reaches
a maximal value for µR/D = µ
max
R /D ≈ −0.0245, at
T/D = 5× 10−6. With increasing temperature the peak
shifts to the left, i.e., to the smaller values of µR. For pos-
itive values of µR, the zero-bias peak has a much smaller
amplitude than for negative values of µR (see Figure 6).
Consequently, in order to reach the highest transmission
probability of the charge carriers at eV = 0 with the cho-
sen parameters of the system, we have to set µR = µ
max
R .
In Figure 8, we plot the differential conductance as a
function of the bias voltage for different values of the
Zeeman energy at temperature T/D = 5 × 10−6. By
applying a magnetic field to the QD, the zero-bias peak
splits up into two peaks of smaller amplitude. The dis-
tance between the split peaks is twice the Zeeman energy
(2∆εd). For a reduced value of the Zeeman energy, the
split Kondo peaks broaden and begin to overlap. These
results are in agreement with previous theoretical stud-
ies of QDs attached to metallic leads in the presence of
a magnetic field [12, 26].
The numerical results for the nonequilibrium DOS in
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FIG. 7. Amplitude of the zero-bias peak as a function of the
chemical potential µR for eV = 0 at three different tempera-
tures and in the absence of a magnetic field. The remaining
parameters are the same as those in Figure 5.
FIG. 8. Differential conductance dI/dV as a function of the
bias voltage eV for different values of the Zeeman energy at
temperature T/D = 5× 10−6. The remaining parameters are
the same as those in Figure 5.
the QD calculated for finite U at three different tempera-
tures in the absence of a magnetic field are shown in Fig-
ure 9. At low temperature, similar to the case of U →∞
(see Figure 2 and Figure 3), the Kondo resonances ap-
pear at the chemical potentials, and their amplitudes de-
crease with increasing temperature and disappear at high
temperature. Besides the temperature-dependent narrow
and sharp Kondo peaks, the DOS consists of two broad-
ened peaks of large amplitude located at ω ≈ ReN1(ω)
and ω ≈ ReN2(ω), where ω −N1(ω) and ω −N2(ω) are
the denominators of the first and the second part of the
Green’s function of the QD given by Equation (5), in ab-
sence of magnetic fields. The broadened peaks determine
the differential conductance within the Coulomb block-
ade regime. The left broadened peak corresponds to a
resonant transmission through the QD at ω ≈ ε˜d and
the right one to ω ≈ ε˜d + U˜ , where the renormalized QD
energy level ε˜d and the renormalized Coulomb interac-
tion U˜ have to be calculated self-consistently using the
FIG. 9. The nonequilibrium DOS in the QD for U/D = 0.069
with µL/D = 25 × 10−3 and µR/D = −9.5 × 10−3 at three
different temperatures and zero magnetic field. Here, η = 0.02
and εd/D = −0.022.
FIG. 10. The nonequilibrium DOS in the QD for different
values of the Zeeman energy and finite U at temperature
T/D = 5 × 10−6. The remaining parameters are the same
as those in Figure 9.
method presented by Van Roermund et al. in [16].
Figure 10 shows the self-consistent calculations of the
total DOS for finite U at temperature T/D = 5 × 10−6
in the presence of a magnetic field. In agreement with
the results for U → ∞ (see Figure 4), the Kondo reso-
nances split up when a magnetic field is applied to the
QD. The split peaks have smaller amplitudes and are
shifted by the Zeeman energy from the chemical poten-
tials, to the right for spin-up electrons and to the left for
spin-down electrons. The damped peaks characterize the
transport in the Coulomb blockade regime in the presence
of a magnetic field and are located at ω ≈ ReN1σ(ω) and
ω ≈ ReN2σ(ω) for electrons with spin σ. The broadened
peaks shift by ∆εd/2 from the locations determined by
ReNi(ω) in absence of magnetic fields, to the right for
spin-up electrons and to the left for spin-down electrons.
In the same way, the spin-dependent renormalized QD
energy level ε˜dσ and the renormalized Coulomb interac-
tion energy U˜ can be estimated.
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FIG. 11. Differential conductance dI/dV as a function of the
bias voltage eV with µR/D = −9.5× 10−3 for different tem-
peratures and finite U at zero magnetic field. The remaining
parameters are the same as those in Figure 9.
In Figure 11, we present the calculated total differen-
tial conductance as a function of the bias voltage for finite
Coulomb interaction and at different temperatures and
zero magnetic field. In analogy to the case of U → ∞
(see Figure 5), the zero-bias peak appears in the plot of
the differential conductance when the bias voltage equals
the Zeeman energy (eV = ∆εd = 0). Its shape strongly
depends on the temperature. At high temperature, the
zero-bias peak is not observed. With decreasing temper-
ature the Kondo peak appears and becomes increasingly
sharper due to the narrow Kondo resonance in the DOS.
Therefore, close to eV = 0, the Kondo peak strongly
depends on eV . It significantly decreases when eV in-
creases. The variation of the differential conductance for
small values of |eV | can be approximated by a second-
degree polynomial function as has already been proposed
in the U →∞ case. The µR dependence of the zero-bias
peak shows the same behavior as observed for U →∞.
IV. CONCLUSION
We studied the Kondo effect of a QD connected to
pure monolayer graphene electrodes arranged in an arm-
chair configuration with respect to the QD. To the best
of our knowledge, this is the first study exploring the in-
fluence of a magnetic field on the transport properties
of such a system. The system is described by the pseu-
dogap Anderson model under external magnetic fields.
We derived an analytical formula for the Green’s func-
tion of the QD for finite on-site Coulomb interaction us-
ing standard decoupling schemes. An analytical formula
for the Kondo temperature is also derived for electron
and hole doping of the graphene. The Kondo tempera-
ture vanishes at the Dirac point close to the particle–hole
symmetry point. In the case of particle–hole asymmetry,
the Kondo temperature has a nonzero value even at the
Dirac point. This behavior is in agreement with other
reports in the literature. The DOS of the QD and the
differential conductance through the QD were calculated
self-consistently for finite temperature. The finite on-site
Coulomb interaction has a similar effect on the transport
properties as was observed for QDs connected to metal-
lic electrodes. The DOS of the QD is vanishing for zero
energy values since the DOS of graphene is zero at the
Dirac points. Consequently, the zero-bias peak is not
observed when the chemical potential matches the Dirac
points of graphene. An analytical method to calculate
the integrals appearing in the self-energies is developed,
which can be applied for related graphene-based systems.
To the best of our knowledge, there are no experimen-
tal studies of the presented system. Therefore, we sug-
gest an experimental realization of the system, as shown
in Figure 1, which will verify our theoretical model. We
hope that the results obtained will contribute to the de-
velopment of new graphene-based nanoelectronic devices.
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